Chapter 9

Sequences, L’Hopital’s Rule, and
Improper Integrals

Section 9.1 Sequences (pp. 439-447)
Quick Review 9.1

L =22

o | L

-2
2. N=—" =2
A -2+3

3. -2+3-DH1.5=1

4. -7+(5-D3)=5
5. 1.52% =12
6. 2(1.51=-45

3,42 3
7. lim ST A2x7 lim 5L=0

xeo3xt 416x7 x> 3xt

8. Recall from Chapter 2 that lim st _ 1.

t—0 t
Let t=3x. Then t >0 as x — 0, and

sin(3x) lim sin ¢

lim
x>0 X z—>0§
. sint
=3-1lim —
t—0 t
=31
=3

9. Let t=l. Then t — 0 as x — oo, and

x
. (1 . 1 .
lim Ex sin [—D = lim (—- sm(l)j
X —>oo X t—0\ 1
- sint
t—0 ¢

=1

10.

Section 9.1

. 2)c3+x2 . 2x3
lim —= lim —
x—e  x+1 x> X

= lim 2x°
X—o0

= oo, or does not exist.

Section 9.1 Exercises

10.

11.

12.

13.

12345650

2°3°4°5 67 51
581114 17 149
27374757 67 50
2, 2,ﬁ,@,—7776 ~ 2.48832,
4°27°256° 3125
50
117649 2.521626; B0 2.691588
46656 50
-2,-2,0, 4,10, 18; 2350
3,1, -1,-3 11
-2,-1,0,1;5
2, 4,8, 16; 256

10, 11,12.1, 13.31; 19.487171=10(1.1)’

L1232l
-3,2,-L1;2
(@ 3

(b) a+7d=-2+73)=19
(© a,=a,;+3
d a,=-2+n-D3B)=3n-5

(a) 2

(b) a+7d=15+7(-2)=1
(© a,=a, -2

) a,=15+(n-1)(-2)=-2n+17

1
(a) 5

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.

491



492

14.

15.

16.

17.

18.

Section 9.1

(b)

(c)

(d)

(a)

(b)
(V]

(d)

(b)

(0

(d)

(a)

(b)

(0

(d)

(a)

(b)

(0

(d)

(a)

(b)

(0

a+7d=1+7 1 :2
2) 2

a, =da, 4 +—

2

an=1+(n—1)(1)=(n+1)

2 2
0.1
a+7d =3+7(0.1)=3.7

a,=a,_1+0.1

a, =3+(n-1)(0.1)=0.1+2.9

1.5

(1)(1.5)% =~ 25.6289
a,=(1.5a,_

a, =((1.5"" =(1.5""

-3

(-3)(=3)® = (-3)° =-19,683
a, =-3a,_,
a,=(-3)(-3)""=(-3)"

-1

S)-1*=5

19.

20.

21.

22,

23.

24.

25.

d a,=5(-1""

d _1=(2) _
3

a=-2-3=-5

a,=a,_;+3for all n=2

3

4355,
4

a =5-(-2)4) =13
a, =13+ (n—1)(=2) = -2n+15

1/3
. 3,010,000 ~10
3010
LIPS
10

a,=3.01010)"", n>1

1/5
16
r {TJ =2
2

= i(—z)”‘l =-)" @3, 021

[0, 20] by [0, 1]

[0, 20] by [-1, 1]

[0, 20] by [-5, 5]
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26.

27.

28.

29.

30.

31.

32.

33.

34.

[0, 20] by [0, 10]

[0, 10] by [-25, 200]

[0, 10] by [-5, 30]

[0, 20] by [-1, 5]

[0, 10] by [-15, 10]

n—e n n—oo n—oo

lim 22 lim (3)+ lim (1j —340=3
n
converges, 3

lim ~lim 222

n—eoN+3 n—oeo n

converges, 2

2w -n-1 . 2% 2
lim — = lim —5 =7
n—e Sp°4+p+2 n—eSp 5

2
converges, 3

1
= lim -~ = lim —=0
+1 n—oop n—eo n

lim
n—enpn

2

converges, 0

35.

36.

37.

38.

39.

40.

41.

42,

Section 9.1 493

n=2k, lim (—1)" =L =1
n—oo n+3
n=2k-1, lim (- 1)”" L
n—yo0 3
diverges
n =2k, lim (-1)" m (-1)" —=O
n—eo n +1 "—>°° n
n=2k-1,
n—>oo n +1 n—)oo
converges, 0
lim (1.D)" =
n—oo
diverges
lim (0.9)" =
n—yoo
converges, 0
1
Let x=—. Thenx — 0 as n — o, and
n
|
sin (-
lim (n sin (ln = lim M
n—»o0 n n—>oo 1
n
— iy SInX
x—0 X

=1
converges, 1

Diverges; the first terms of the sequence are:
1,0,-1,0,1,0,-1,0,1,0,-1,0, ...

The pattern repeats forever, so the sequence
does not get close to any one number.

. sinn .
lim =0, since
n—eo N
1 sinn 1
——< <—forn=>1,and

n n n

lim (szo, since OSLSl forn=>1,

n—seo \ 2" 2n n

and lim (lj =0.
n—eo\ N
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43.

44.

45.
46.
47.
48.
49.

50.

51.

52.

53.

54.

Section 9.1

lim (i]zo, since OSLSl n=>1,and

n—eo \ 11! n! n
. 1
Iim | —[=0.
n—eo\ N
.2 .2
. sin“n . sin“n 1
lim =0, since 0< <— for
N—>c0 on n n

n=>1,and lim [l)=0.

n—eo\ 1
Graph (b)
Graph (c)
Table (d)
Table (a)

False; if the sequence is increasing, the terms
will eventually become positive. Consider the
sequence with nth term a, =-5+ 2(n—1).

Herea=-5, a, =-3, a3 =—1, and a4 =1.

a
True; o >0, r:—2>0, and
aq

a, =a; "1 >0 foralln>2.

[\

o125 1
25 2
al=¥=5

2

D; let x=3—”. Then x — 0 as n — o, and

n
lim (n sin [S—ED = lim Ks—ﬁ-sin(x)j
n—yoo n x—0\ Xx
=37 lim 22X
x—0 X
=3r-1
=3r

E; n=2k, lim ((—1)" ﬂj =3
n—oo n+2

n=2k-1, lim ((—1)" ﬂj =3
n—eo n+2

55.

56.

57.

58.

(a) Draw a segment from the center of the
circle to each vertex of the polygon,
forming n isosceles triangles. The vertex

. . .2 .
angle in each triangle is % An altitude
n

to the base divides the isosceles triangle
into two right triangles with hypotenuse 1.
In each of these triangles, the side

. V4
opposite the angle of measure — has
n

length sin (zj It follows that each side
n

of the polygon has length 2sin (EJ and
n

. . . (7
the total perimeter is 2nsin [—j
n

(b) Let x =25 Then x — 0 as n — oo, and

n
lim [2n sin [ZD = lim [2-5 : sin(x)j
Nn—soo n x—0 X
— 27 lim 3%
x—0 X
=2r-1
=27

@ a,=a, ,+a, | for nz3
a =1 a,=1
az=a;+a, =1+1=2
ay=a,+az=1+2=3
Continue in this fashion to get all of the

first ten terms:
1,1,2,3,5,8,13, 21, 34, 55

(b)

[0, 10] by [-10, 60]

a, =ar"implies that

n

loga, = log a+(n—1)log r. Thus {loga,} is

an arithmetic sequence with first term log a
and common difference log r.

a, = a+(n—1)d implies that
10% =10%+=Dd —10¢ (10¢)*~. Thus
{10%} is a geometric sequence with first term

10 and common ratio 10.
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59. Given € > 0 choose M =l. Then

€

Lo
n

<eifn>M.

Section 9.2 L’Hopital’s Rule (pp. 448—456)

Exploration 1 Exploring L’Hdpital’s Rule

1.

Graphically

. sinx . COSX
lim = lim =1
x—>0 X x>0 1

2. The two graphs suggest that

lim 2L = im 2L,

x—0 Y2 x—0 yz,

X cosx —sinx
Vs=——F
x2

ys clearly show that I’Hopital’s Rule does not

’

Section 9.2 495

x Manx
0.1 2.7183
0.01 2.7183
0.001 2.7183
0.0001 2.7183
0.00001 2.7183

As x = 0", ¥ approaches 2.7183.

. The graphs of y; and

(=)
-1 0.5
-0.1 0.78679
-0.01 0.95490
—-0.001 0.99312
—-0.0001 0.99908
—0.00001  0.99988
—0.000001  0.99999

X
As x>0, [l—lj approaches 1.
X

say that lim RS isequal to lim [1] .
x—0 Y2 x—0 Y2
Y2=cos(i)
~Z
"=l =1
[-3.31by [-2,2]
Quick Review 9.2
1. 0.1)*
S Gy
1 1.1000
10 1.1046
100 1.1051
1000 1.1052
10,000 1.1052
1,000,000 1.1052

0.1)"
As x —> oo, | l1+—— | approaches 1.1052.
X

X

[

X
-1.1 13.981
-1.01 105.77
-1.001 1007.9
—-1.0001 10010
1 X

As x = -17, (l—k—j

X

/-/"

_'—'-'_'_'_'_'—F

[0, 2] by [0, 3]

t—
Ast—1, ——

Ji-1

goes to co.

approaches 2.
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496  Section 9.2

e

[0, 500] by [0, 3]

JaxZ+1

x+1

|

¥ v
[-5,5]by [-1, 4]
sin 3x

AS X —> oo, approaches 2.

As x>0,

‘T
_

[0, 7] by [-1, 2]

approaches 3.

As 0 > Z, tan 6 approaches 1.
2 2+tan@
9 y—lsinh:—smh
h h

10. y=(1+n)'"

Section 9.2 Exercises

1. lim x=2 appears to be about l;
x—2 _xz —4 4

\

Lo b Ly

2.

lim
x—0

(sin (5x)

j appears to be about 5;
X

Y

By L’Hbpital’s Rule:
hm[mnﬁmj=hm5am6@
X

=5cos(0)=5

x—0 x—0

2+x-2
lim (—XJ appears to be about i;

x—2 x=2
y
1
L
1 1 1 1 1 1 1 1 1 5I X
By L’Hbpital’s Rule:
21x-2 T@+x ™2
lim| ~—— |=lim | =¥——
x—2 x—2 x—2 1

1 -1/2
=—(2+2
;22

1
CoVa

1
4

3
lim( al IIJ appears to be about%;

N Y S ST
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By L’Hopital’s Rule:

-1 L™
lim =lim| =——
-l x—1 x—l1 1
L —2/3
=—(
3( )
_1
3

. 1—cosx . sin x
lim = lim
x—=0 x2 x—0\ 2x
. COS X
= lim
x—=0 ( 2 )
_ cos(0)
2

1
2

. 1-sin @ . —cosfd
6. lim | ——— |= lim |———
6—ri2\ 1+cos(20) ) o—rx/2\ —2sin(26)

. sin
= lim | ———
6—>7z/2[ —4cos(2¢9))

inZ
SlIl2

—4cosw

. cost—1 . —sint
lim =lim
t—0 et—[—l t—0 et —1
. —cost
= lim
t—0 et

_ —cos(0)
eO
=-1
[ x®—4x+4 . [ 2x-4
lim = |=lim| ——
-2\ x7 —12x+16 ) x—>2| 3x° -12
= lim [1)
x—2\ 6x
2
6(2)
_1
6

10.

11.

12.

13.

(a)

(b)

(b)

(a)

(b)

(a)

(b)

Left:

csCx o
m =—
X=T 1+cot x —oo

lim

X

Section 9.2 497

. sin4x . 4cos(4x)
lim | — = lim | ———
x—=0"{sin2x )] x50\ 2cos(2x)

_4cos(0)
B 2cos(0)
=2
lim [sin 4x] . [4005 (4x)]
=0\ sin2x x—0"\ 2cos(2x)
_4cos(0)
B 2cos(0)
=2
lim tanxj - lim [sec2 X -
x—=0"\ X x—0" 1

—cscxcotx . cotx
—2 = lim | ——
—CSC™ x X>oT CSCXx
( cosx )

- lim sin x

x—)lr’( _1 )
sin x

= lim cosx
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14.

15.

Section 9.2

Right:
. cscx —o0
lim =—
x_>;;+[l+cotx] oo

. —cscxcotx . cotx
lim — |z lim
x—rt —cscT x x—rt\ CSC X
( cosx )
- lim sin x

x—rt (#)
sin x

= lim cosx
x—rt

=-1
Left:
. 1+secx oo
lim =—
x—z/27\ tanx oo
. sec xtan x . tan x
lim — | lim
x—rl2” sec” x x—r/2”\ SeC X
( sin x )
— llm COosx

x—>7r/2’( 1 )
COS X

= lim sinx
x—>r/2”
=1
Right:

lim £1+secx):2
x—xr/2t\ tanx —oo

lim {secxtanx]: lim (tanxj
x—r/2* sec2 X x—r/2t\ secx

S (1)

o Gl e

x—e logyx o

e
lim | =L |= fjm [ 02 ]2
X—>00 12 x—eo\ X+1 oo

xIn

lim (E) =In2
x—ool 1

16.

17.

18.

19.

20.

. 5x% —3x o
lim — 7=
x—eo Tx 41 ©
. 10x-3 oo
lim | —— |[=—
x—eo\ 14x )

. (10)_5
lim|— ==
x—eo\14 ) 7

2_
Y1 = (5x . 3x)
(7x° +1)
. .5
limit = —
7

lim (xInx)=0-c0
x—0"

. [mxj . ( 1/x J
lim | — |= lim

x—0"\ 1/x x—0* —l/x2
. 1

lim | xtan| — | [= -0
X—>o0 X

= lim (—x)=0

x—0"

Let h=l.Thenh—>0asx—><x>, and

X

lim xtan (l) = lim [ltan(h)j
x—>00 x) h—-0\h

oo

Zh
lim =sec?(0) =1

h—0

lim (cscx—cotx+cosx)
x—0"
= lim (cscx—(cot x—cos x))
x—0"

. (tan(h)]
= lim
=0\ h

=00 —00
. l—cosx+cosxsinx
= lim -
x—0" sin x
. .2 2
. sinx—sin” x+cos” x
= lim
x—0" COS X
_0-0+1
1
=1.
Iim (In(2x)—In(x+1)) = co—oo
xX—>00

In(2x)—In(x+1) = In (ﬂ)
x+1

lim [ 25 )= lim 222
x—oo\ X+1 x—o0 1
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Section 9.2 499

Therefore: 24. lim (sinx)* =0°
. . 2x x—0"
lim (In(2x) —In(x+1)) = lim (ln (—D In(sin x)
x>0 xoee A X+ In £(x) = In[(sin x)*] = xIn(sin x) = ————
=1n(2) x
In(si 1
lim (" +0)'* = (1+0) =17 fim 2Oy |t
x—0 x—0" x—0" _x7
X
In f(x) =In[(e" +x)"*]= In(e” + 1) . 2
X = 11m+ -
| . D x—0 tan x
X < (e” +
lim [ €D |y 4 i [ 2
x—0 X x—0 1 0t S602 N
. e+l 0
= lim .
x—0 ex +x 1
Therefore: Therefore:
lim (¢ + 0¥ = lim f(x) lim (sinx)* = lim_f(x)
x—0 x—0 x—0 x—0
= lim ™/ — lim &M/
x—0 x—0*
=e? — 0
lim /D ==
x—1 1 X . .
_ /Dy 2 Inx 25. lim [1+—] = (I4+00)% = oo
In f(x) =In[x 1= 1 ! .
In x 1 1 In (1 + i)
lim——=1lim*=1 lnf(x):xln[lnt—j:f
x—=lx—1 x-11 X =
Therefore:
In(1+1 o
lim X/ = lim f(x) = lim "/ =l = lim ( = lim | 2D
x—1 x—1 x—1 =0t 1/x x—0* —%
X
2

lim (x* —2x+1)* "' =12 =2+ ! = 0° — lim
x—1 x—0" x(x+1)

In £(x) = (x=DIn(x* - 2x+1)

5 - lim ——
_In(x" -2x+1) x—0" x+1
1/(x—1) =0.
5 ) Therefore:
. In(x*=2x+1) . Tl x
lim — T iy =l
x1—>Inl L x1—>rnl 5 lim [1 + lj = lim f(x)
x-1 (x=1) x—0" X x—=0"
[ =20x-1)? = lim /™
= lim |~ et
x—1 x—1 0
=e
=0 _
Therefore:
lim(x? —2x+1)*"! = lim f(x)
x—1 x—1
= lim ¢/ Y
x—1
= eo
=1
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500 Section 9.2

26. lim (Inx)"* =o°
X—>o0

In £(x) = In[(In )]

BN
fim 0009 _ iy [1“1 XJ
1

_ In(In x)

X—oo X X—oo
= lim ( j
x—eo\ xInx
=0.
Therefore:
lim (Inx)"* = lim £(x)
X—>oo X—>oo
= lim ™/
X—00
_ 0
=e
=1
27. (a) x ‘ 10 ‘ 102 ‘ 103 ‘ 10* ‘ 10°

f(x)‘ 1.1513 ‘ 0.2303 ‘ 0.0345 ‘ 0.00461 ‘ 0.00058

Estimate the limit to be 0.

5 5
) fim DX i 30X x 0
X=X X—o X x—e 1 1
0 = -2 -3 107
28. (a) «x 10 10 10 10

f | 01585 | 0.1666 | 0.1667 | 0.1667 | 0.1667

Estimate the limit to be é

) lim x—sinx _ lim 1—cosx
x—0* x3 x—0* 3x2
— lim sin x
x>0t 6x
~ lim CoS X
x—0t 6
_1
6
sin 360
29. Let f(0)= .
1 sin 46

0 ‘ +10° ‘ +107! ‘ +1072 ‘ +1073 ‘ +107
¢ \ —0.1865 ‘ 0.7589 ‘ 0.7501 ‘ 0.7500 ‘ 0.7500
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30.

Estimate the limit to be :%.

. sin3¢ . 3cos30 3
lim = lim ==
6—0sin48 6—04cos48 4

Let fn)=———1 =1
sint t tsint
t ’ +10° ’ +107! ‘ +1072 ‘ +1073

A ’ +0.1884 ’ +0.0167 ‘ +0.0017 ‘ +0.00017

Estimate the limit to be 0.
. 1 1 . t—sint
lim| ——-|=lim—

t—0\ sint ¢t t—0 tsint
. 1—cost
=lim —————
t—0fcost+sint
. sint
=lim —
t—0—1SInt+Ccost+cCcost
=0

31. Let f(x)=(1+x)"*.
x’ 10 ’102’103’104’105

32,

1) ] 1.271 ] 1.0472 ] 1.0069 ] 1.0009 ] 1.0001

Estimate the limit to be 1.
In f(x)= In(1+ x)
X

1
tim 200 gy 2 0

X—>00 X x—oo 1 T
lim A+ = lim f(x)= lim ™/ =0 =1
X—>o0 X—>o0 X—oo
92
Let f(x):xZi.
3x“+5x
X ’ 10 ’ 102 ‘ 10° ‘ 10*

‘ 10°

Jx) ’ —0.5429 ’ —-0.6525 ‘ —-0.6652 ‘ —-0.6665

Estimate the limit to be —%.

. x=2x? 1-4x . 4 2
lim = lim =lim ——=——.
X—>o0 3x2 +5x x200x+5 x50 6 3

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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502 Section 9.2

. 2 2
33, lim sin @ — lim 20cos@
6—0 6 6—0 1
= (2)(0)cos (0)*

=0

. t—1 . 1
34, lim—'"" —lim
r=lnt—sinzt -l %—ﬂ' cos 7t

:;
1-7(-1)
1

+1

1
]
35. lim —22% _ jjp 22

reology (x43) x>

o1
(x+3)In3
— lim (x+3)In3
X—>o0 xIn2
. xIn3+3In3
=lim —
X—>oo xIn2

= lim —
x—e In2

_in3
In2

) 2y+2
2
36. lim In(y” +2y) _ lim 22

y—0* Iny y—0* %

. 2y+2
- Iim y(zy )
y—=0" y© 42y

= lim 5
y—0"  yT+2y

— lim 4y+2
y—0t 2y +2

_4H0)+2
2(0)+2

il SIS

(2y%+2y)

37.

38.

39.

40.

41.

42,

. V3
lim | ——y |tany
y—>7r/2( 2 ]

(5-2)sn)

= lim
y—rl/2 cosy
(% - y)cos y+(=1)siny
= lim -
y—rl/2 —smy
_ (% - %)cos%+(—1) sin 7.
—sin %
_ &b
=)
=1
lim (Inx—Insinx)= lim In—
x—0* x—0T sinx
Let f(x) = ——.
sin x
lim =~ lim =1. Therefore,

x—0T sinx  x—0* COS X

lim (Inx—Insinx)= lim In f(x)=In1=0
x—0" x—0"

This problem does not require L’Hopital’s
Rule.

. [1 1 ) C1-+x
lim | ———|= lim =00
X WJx) xs0t x

The limit leads to the indeterminate form oo™

1
X X .
=2
X
1 1
. ln(xz) a
lim = lim =lim2x=0
x—=0 i x—)O—i2 x—=0

. 3x-=5
lim = =0
x—>teo 2x2_x+2 x—teo 4x—1
sin 7x 7cosTx 7

lim =lim ——=—
xo0tanllx  x—5011sec?11x 11
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44.

45.

43. The limit leads to the indeterminate form oo°.

Let f(x) = (1+2x)/Cn»
In(1+2x)
2Inx

2
lim AMAH20) L T

Xm0 2
X

In (142x)"/10 0 =

x—eo  2Inx

lim
x—eo 1+2x

lim l

lim (1+2x)YC0Y = {jm M
X—>oo X—oo

_ 12

=e

_

The limit leads to the indeterminate form 0°.

Let f(x) = (cos x)°*.

cosx In (cos x)

In (cos x) =(cosx)In(cosx)=

Se€C x

—sinx

In(cosx) oS x

lim ———== lim
x—ox/2- Secx x—/2” Sec xtan x
. —tanx
= lim ——
x—r/2” Secxtan x
= lim -cosx

x—r/2”
=0
lim = (cosx)°%* = lim ™/ =% =1
x—7 x=

The limit leads to the indeterminate form 17°.

Let £(x) = (1+x)"*.

In(14 0 = 04D
1
lim M = lim %=1
x—0t X x—=0t 1
lim (1+x)7* = lim ™/ =l =¢
x—0" x—0"

46.

47.

48.

49.

50.

51.
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The limit leads to the indeterminate form 00.
Let £(x) = (sin x)"**

In (sin x)"™* = tan xIn (sin x) = In(sin x)

cotx

In (sin x) s
lim ————= = lim %X

x—0" —csc? x

= lim (—sinxcosx)

x—0T cotx

x—0"
=0
lim (sinx)®* = lim /™ =0 =1
x—0" x—0"

The limit leads to the indeterminate form 17°".
Let f(x) = x"079,

I 0= _ Inx

1-x
1
. Inx . %
lim — = lim —=-1
ot l=x  xort -1
lim /09 = fim W =1L
x—1* x—1* e

2x dt 2x 2x
[ —=[mf(]," =1n[2d-1n|x=1n|=
2
lim | A i 102 = lim In2=1n2
x—oo*X f X—yo0 X X—yoo
. -1 . 352
lim 3—:11m 3
=l 4x7 —x-3 x=112x" -1
_3
11
_2x743x .. 4x+3
lim N lim 5
X x” +x+1 X2 3x" +1
. 4
= lim —
x—><>o6x
=0
X
costdt . .
. . sinx—sinl
lim =lim
x—=1 x*—1 x—1 x2—1
. COSX
=lim
-l 2x
_cosl
2
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53. (a)

(b)

(0

54. (a)

Ydr
L Inx—Inl
x—)lx —1 x—l1 x3 1
1
= lim &
x—>l3x2
_1
3

L’Hopital’s Rule does not help because
applying L’Hopital’s Rule to this quotient
essentially “inverts” the problem by
interchanging the numerator and
denominator (see below). It is still
essentially the same problem and one is
no closer to a solution. Applying
L’Hopital’s Rule a second time returns to
the original problem.

~1/2
o o1 (3)ox+n
lim = lim
xoee \fx+1 xoee (1/2)(x+1)7V?
o 9x+1
= lim

x—eo [Ox+1

—

[0, 100] by [0, 4]
The limit appears to be 3.

Yox+1 . 9 o
— N3
Vi

—_

lim = lim =
x> [x+1 x—e0 141

L’Hopital’s Rule does not help because
applying L’Hopital’s Rule to this quotient
essentially “inverts” the problem by
interchanging the numerator and
denominator (see below). It is still
essentially the same problem and one is
no closer to a solution. Applying
L’Hopital’s Rule a second time returns to
the original problem.

sec x . secxtanx

lim ———

lim =
xor/2tanx x—x/2 se(:2 x
. tan x
= lim
x—r/2SeC x

55.

56.

(b) Y1 = (1/cos(x))/tan(x)

[0, 7] by [-1, 5]
The limit appears to be 1.

1

secx

(¢) lim = lim £8%
xor/2tanx  x—x/2 S0X
COosx
— fim —
x—m/2 SIn X
=1
Find ¢ such that lim f(x)=c.
x—0
lim £(x) = lim 2X=25103%
x—0 x—0 5x3
. 9-9cos3x
= lim ————
x—0 15)62
. 27sin3x
=lim ———
x—0 30x
. 8lcos3x
= lim ————
=0 30
_81
30
_z
10

Thus, ¢ = % This works since

lim f(x) =c= f(0), sofis continuous.
x—0

f(x) is defined at x # 0. lim f(x) leads to

x—0

the indeterminate form 00.

lim [x]* = lim ¢ =0 =1
x—0 x—=0

Thus, f has a removable discontinuity at x = 0.
Extend the definition of f by letting f(0) = 1.
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57. (a)

(b)

58. (a)

(b)

59. (a)

The limit leads to the indeterminate form
17~

kt
Let f(k) =(1+£] .

tIn(1+L
In £(k) :ktln[1+£j =M
*
thn(1+L l(—% I+
lim ( k)=1im k (1 )
k—>oo % k—>oo —k—z
= lim -
k—eo 14+ L
_r
1
=rt
r kt r kt
lim 1+— = lim | 1+—
k—>ooAO( kj AOk—)oo( kj
= Ay lim ™/
AOk—><>o
=AOert

Part (a) shows that as the number of
compoundings per year increases toward
infinity, the limit of interest compounded
k times per year is interest compounded
continuously.

Forx #0, f,(x) = 1 =
g 1
tim £
x—0 g (x)
lim £ -2
x—0g(x) 1
This does not contradict L’Hopital’s Rule

since lim f(x)=2 and lim g(x)=1.
x—0 x—0

A(t) = I(; e Ydx

=[-¢ "]
=e ' +1

lim A(f) = lim (=" + 1)
t—oo

t—>o0
lim | - 41
t—oo et

=1

Section 9.2 505

(b) V)=xf () dx

T( -2
—E( (4 +1)
Z(—2 1)
fim YO = jim 2
t—e0 A(t) 1> o141
_z0
!
_r
2

T

im VO _ lim —7(_6_2[ D

(¢) lim
=0t At) 10t —e T 41
Z(2e™)
= lim =¥——
=07 et
_ %(2)
1
=7
60. (a) x fx)
0.1 0.04542
0.01 0.00495

0.001  0.00050
0.0001  0.00005

The limit appears to be 0.

) tim 3%
x—-01+2x 1
L’Hopital’s Rule is not applied here

because the limit is not of the form

0 oo .
— or —, since the denominator has

(o)

limit 1.
61. (a) f (x) = exln(l+l/x)

1+—>0 whenx<—-1lorx>0
X

Domain: (—eo, —1) U (0, o)
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62.

63.

64.

65.

66.

67.

Section 9.2

(b) The formis0™', so lim f(x)=cs.

x—>—1

(¢ lim xln(l+lj: lim

X—>—o0 X X—>—o0 1
X

lim f(x)= lim MU+/D ¢

X—>—o0 X—>—o0

False; need g’ (a) # 0. Consider f (x)= sin? x

and g(x) =x? with a = 0. Here
lim f'(x)=lim g’(x)=0.
x—0 x—0

False; the limit is 1.

. X 1 1
C; lim = =-=1
x—0 tan x secz X 1
1 1 3
. ~ . 2 . X 1
D; lim —* =lim X = lim —=—
=l 1= x—)ll3 o122 2
X X

log, x 1
B: lim —22" — lim %=M
X—>o0 log3x x—)wrns In2
3x In(1+1
1 1
E; ln[1+—) =3x1n[]+—j=¥
X X .

lim
X—>o0 3% X—>o0 1
3x2
= lim 3
x—yoo (1+l)
3
1+0
lim M/ =3
X—>o0

68. Possible answers:

69.

70.

@ f()=7(x=3); g(x)=x-3

lim L9 i 7573 i 727
x—=3g(x) x-3 x-3 x—31

(b) f(x)=(x-3)% g(x)=x-3
2
fQ)_ (=3

lim
x=3g(x) x-3 x-3
~ lim 2479
x—3
=0

© f)=x-3; g(x)=(x-3)°
SO _ i X3

lim
=38(X)  x-3(x—3)°
= lim ;2
=33 (x-3)

Answers may vary.

@ f()=3x+L gx)=x

lim L = gim 22X i 223
x—><>og(x) X—oo X X—>o0

(b) f(x)=x+1; g(x)=x*
lim L2 = jim 2 jim L 2o

X—oo & (x) X—>00 x2 x—>o0 2X

© f)=x% g(x)=x+1
f(x) 2 2

lim =lim — = lim — =0
x—00 g(X)  x—eox+1

(a) Because the difference in the numerator is
so small compared to the values being
subtracted, any calculator or computer
with limited precision will give the

incorrect result that 1—cos x°® is 0 for even

moderately small values of x. For
example, at x =0.1,

cos x° =0.9999999999995 (13 places), so
on a 10-place calculator, cos x® =1 and

1—cosx® =0.

(b) Same reason as in part (a) applies.

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



71.

. 1l—cos x° 6x5 sin x°
(¢) lim =1
x—0 x12 x—0 12_x11
sin x°
= lim
x—0 2x6
. 6x° cos x°
=1
=0 1250
. cos x©
= lim
=0 2
1
2

(d) The graph and/or table on a grapher show
the value of the function to be 0 for
x-values moderately close to 0, but the

limit is % The calculator is giving

unreliable information because there is
significant round-off error in computing
values of this function on a limited
precision device.

(@) f(x)=3x2, g'(x)=2x—1
SO-f=D=2,gM-g(-H==-2
322
2e—1 -2
3¢z =—2c+1
3¢2+2¢-1=0

Be-D(c+D) =0
c=—orc=-1
The value of c that satisfies the property is
1

C=—.

3
(b) f'(x)=-sinx, g’'(x)=cosx

T T
f(;)—f(o) =-1, g(;j—g(O)—l

—sinc -1

cosc 1
tanc =1

c=tan'1 _Z on (O, Ej
4 2

1. C; lim

Section 9.2 507

72. (a) In f ()%™ =g (x) In f ()

lim (g (x)In f (x))
x—c

:(lim g(x)j(lim In f(x)j
X—C X—C

= oo (—o0)

lim £ ()8 = fim /05 _
X—C X—C

e " =0

(b) lim (g (x)In f(x))
X—C

:(lim g(x)j(lim In f(x)j
X—>C X—C
= (—o0)(~22)

= o0

lim £ ()8 = lim &M/ 2 0= = o
X—C X—C

Quick Quiz Sections 9.1 and 9.2

(x+1)4/3 —(%)x—l

x—0 x2

ey

x—0 2x

lim 211£: lim 2% = lim (<2x)=0

x—0" S -0 ——5 x>0

X,
sintdt
. —CoSx+cos2
. B; lim = lim
x—2 x2 —4 x—2 x2 —4
_ sin x
x—2 2x
_sin2

4
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1 1/3 |
4. (a) [%4} ==

b)) ——

n-1
(c) an:8(_%j ="t

1
(d) a, =[_ Ejan—l

Section 9.3 Relative Rates of Growth (pp. 457-462)

Exploration 1 Comparing Rates of Growth as

X —> o0
X X
1. lim “—2= lim L29@)
X—>00 x X—>o0 X
2 x
= i 0" a”
X—>00

= o0
s

so a* grows faster than x> as x — oo,

x
2. lim —=1lim 1.5" =
x—00 Q% x—eo

X X
3. lim a - lim a1 = <><>becaluseg > 1.
x—0 h*  x—eo b

Quick Review 9.3

Inx L
= lim +=0
X

1. lim

X—>o0 ex X—o0 o

ex X X ex
2. lim —= lim =1lim —=lim —=o0
X—oo y X—>o0 3x2 x>0 OX x>0 6
2
. X
3. lim — =0
X—>—oo 62x
2
. X . 2x . 2
4. lim — = lim = lim =0

X—o0 o X X—>o0 26 X X—>00 4e

5. —3x*

10.

3
2i:2x2
X
1
1+
fim £ = i S0y ey
X—>o0 g(x) X—>00 X X—>00
4x?+
fim L)y N FSX
x—00 g(X)  x—eo 2x
= lim ,[1+i
X—>00 4x
=1
e +x2 x?
@ f)=———=1+—
er er
, 2xe* —x%e®  2x—x?
f )= 3 =—
e e
_ 2
2x—x -0
e.x
x2-x)=0

x=0orx=2
f'(x)<0forx<Oorx>2

The graph decreases, increases, and then
decreases.

fO) =1 f(2)=1+izz1.541
e

fhas alocal maximum at =(2, 1.541) and
has a local minimum at (0, 1).

(b) fis increasing on [0, 2].
(c) fisdecreasing on (—oo, 0] and [2, ).

x+sinx sin x

f(x)= 1+ ,x#0
X
Observe that Sm X <1 since |sin x| <|x| for
x#0.
lim £ (x)=1+lim 22 —141=2
x—0 x—0 X

Thus the values of f get close to 2 as x gets
close to 0, so fdoesn’t have an absolute
maximum value since f'is not defined at 0.
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Section 9.3 Exercises

X X
e

1. lim = lim
x—eo 3 3x4] o3y 3
X
= lim —
x—o0 OX

X eX
2. lim = lim — =0
x>0 20 x5 20!
3. x x
. e
lim = lim ,
X —>o0 COSX X—>°°(—sinx)ecosx
—1<cosx<l1,
X
. e
Iim ———— =00

x—>eo (—gin x)e“* ¥

6. lim —=1
x1—>0<> \/; xgllw(%)(x) 172
= lim

|
5.

10.

11.

12.

13.

14.

15.

Section 9.3 509

x“+4x . 2x+4 2
1 =1 =1 —=1
X—>00 x2 X—eo 2X X—o0 2
1 sy i x5y
X—>o0 x2 X—> o X
= lim 1+i3
X—> o X

1/3
(x +x )1/3 . {x6+x2]

lim —————= lim
X—>oo x2 X—>o0 _x6
. 1
= lim 3/1+—
X—>o0 x4
=1
. x2+sinx . 2x+cosx
lim ——— = lim —
X—>00 xz X—>o0 2x

CoSx

. 2x .
lim —+ lim
x>0 2X  x—eo 2X
=1+0
= 1’

since —1<cosx<1.

1
lim log/x iy 2xmnio _ 1
x—oe Inx  x—eo i 21n10
x+1
lim =e
X—>oo ex

First observe that /1+x” grows at the same

rate as xz.

Next compare x” with €.

Xt 2
lim —=lim — = lim —=0
X—>oo ex X—>oo ex X—>oo ex
X2 grows more slowly than e* as x — o, s0

V14 grows more slowly than e¢* as
X —> oo,
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16.

17.

18.

19.

20.

21.

22,

23.

Section 9.3

.4 (4Y .4
lim —=1lim | — | =oosince—>1.
x—00 p¥ x>0l € e

4" grows more quickly than e as x — oo

xlnx—x x(i)ﬂnx—l
lim —= lim ————
X—>oo ex X—>oo ex
. Inx
= lim
X—>oo ex

= lim
X—>00

=0

S, [

x In x — x grows more slowly than e™ as x — oo,

X

lim = lim x=o0
x>0 % x—eo

xe* grows more quickly than e¢* asx — oo.

1000

lim
X—>oo ex

=0 (Repeated application of

!
L’Hoépital’s Rule gets lim 1000 _ 0.]
X—>o0 ex

1000 grows slower than e* as x — .

(e*+e™)
. 2 . 1 1 1
lim = lim | =+ =—
x—eo % x>0\ 2 g2 2
e +e " .
> grows at the same rate as e~ as
X —> o0
X043 3
lim = lim Xt— | =0
X=X X—>oo X
43 grows more quickly than X2 as x —> oo,
. 15x+ . 1
lim Sx+3 = lim (—5+%] =0
X—oo  x X—oo\ X X

15x + 3 grows more slowly than x2 as x — oo,

1

lim X fim = fm =0
X—oo  x x>0 2X  x—eo 2x2

In x grows more slowly than X2 as x —> oo,

Copyright © 2012 Pearson Education, Inc.

24.

25.

26.

27.

28.

29.

X X 2 Ax
lim 2 = fim U222 _ g, (02727
X—oo x X—>o0 2x X—>o0
2% grows more quickly than x> as x — oo
lim log, x? _ lim 2log, x
x—ee  Inx x—ee  Inx
In x
 tim 2102
x—eo Inx
2
In2
log, X2 grows at the same rate as In x as
X —> oo,
N 1
lim Jx lim =0
x> InXx  x—e \/;]n X
1
T grows more slowly than In x as x — co.
X
—-X
. . 1
lim <— = lim =0
x—eoIN X x—>eo ex Inx

e* grows more slowly than In x as x — oo

Slnx _

lim

x—eo Inx

5

5In x grows at the same rate as In x as x — oo.

Compare e* tox".
X X
e . (e
lim —=1m|—| =0
x—o0 x¥  x—eo\ X
e* grows more slowly than x”.

Compare e¢* to (Inx)".

X X
lim —— = lim | -~ | =0
x—e (Inx)*  x—e\Inx

e* grows more slowly than (In x)*.

Compare ¢* to e*/2.

) %)
lim = lim " =
x>0 g¥2 xe

¢* grows more quickly than ¢*/%.

Compare x* to (Inx)".

X X
. X . X .
lim = lim | — | =0 since

x> (Inx)*  x—e\Inx

Publishing as Prentice Hall.



30.

31.

.x .
lim — = lim — =oco.
x>0 INX x> 1
X
x* grows more quickly than (Inx)*.
Thus, in order from slowest-growing to

fastest-growing, we get 2. e, (Inx)*,

X

x*.
Compare 2% to x.
X X 2 Ax
lim 2__ lim (In2)2 ~ lim (In2)“ 2 _
x>0 x2  x—eo  2X X—>00

2% grows more quickly than x°.

Compare 2* to (In2)".

2% 2 Y
lim =lim | — | =oo since
x>0 (In2)*  x—e\In2

i>1.

In2

2% grows more quickly than (In 2)*.

Compare 2" to e*.

x>0 X x—o0

X X
lim 2—: lim (g] =0 since Z<1.
e e

2* grows more slowly than e”.

Compare x2 to (In 2)*.

2
X
e (In 2)° since xlglzo X~ =co and
lim (In2)* =
X—yoo

x? grows more quickly than (In2)*.
Thus, in order from slowest-growing to

fastest-growing, we get (In2)*, x

Compare f] to f5.

fim 2289 _ gy 1OXH

xoe0 [i(X)  xoe Afx

= lim /10+l
X—>o0 X
=J10

Thus f; and f, grow at the same rate.

Compare f] to f3.

tim B39 = i Y i 1l o

X—>o0 fl(x) x—)oo \/; X—>o0 x

2, 2% e,

Section 9.3 511

Thus f] and f; grow at the same rate.
By transitivity, f, and f; grow at the same

rate, so all three functions grow at the same
rate as x — oo,

. Compare f] to f2

tim 222 = Jim Uit ex = lim -1
X—>o0 fl (X) X—>o0 X—>00

Thus f; and f, grow at the same rate.
Compare f] to f3

fim 533 _ lim = lim 1 ———1
X—>o0 fl (.X') X—>o0 X—>o0

Thus f; and f; grow at the same rate.

By transitivity, f, and f3 grow at the same

rate, so all three functions grow at the same
rate as x — oo.

. Compare f] to f,.

\9F+2%
tim 2220~ i

X—>00 fl (x)  x—eo 3*

iy \J9¥ +2F
i Jor

X
= lim 1+[E)
X—>00 9
=1
Thus f; to f, grow at the same rate.

Compare f] to f3.

=1
Thus f] and f; grow at the same rate.
By transitivity, f, and f; grow at the same

rate, so all three functions grow at the same
rate as x — oo,
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34. Compare f] to f5.

35

36.

37
38

39

L _
f1(x) X—eo x3
~ lim 2t -1
X—eo x4+x3
= lim 1+x%_x%
x—oo |41
=1

Thus f; and f, grow at the same rate.

Com

pare f; and f3.

Thus f] and f; grow at the same rate.

By transitivity, f, and f; grow at the same

rate,
rate.

. fgro

so all three functions grow at the same

ws more quickly than g.

g grows more quickly than f.

. fand g grow at the same rate.

. fand g grow at the same rate.

. (a) The nth derivation of x”" is n!, a constant.

(b)

We can apply L’Hopital’s Rule 7 times
. . ex
to find lim —.
X—>o0 xn
X X
. e . e
lim —=:--= lim —=o0
x—o0 x M x—oo 1!
Thus e* grows more quickly than x" as
x — oo for any positive integer n.

The nth derivative of a®. a> 1, is

(Ina)"a*. We can apply L’ Hopital’s

X

Rule 7 times to find lim a—.
X—>o0 xn

40. (a)

(b)

41. (a)

(b)

X n _x
. a . (Ina)"a
hm_:...:th:m
x—oo ! X—>00 n!

Thus a* grows more quickly than x" as

x — oo for any positive integer n.

Apply L’Hopital’s Rule » times to find

X
e

lim .
oo n n—1
=eax” +a, (x  + - tapxtag

lim
T4 tagxtag

Thus ¢* grows more quickly than

n—1

a,x" +a, 1 X" +-+ax+ag as

X —> oo,

Apply L’Hopital’s Rule » times to find

X
a

lim

X—> n n
©a,x" +a,_1x

_1+---+a1x+a0

X
a

n—1

lim

x—>°°anx"+an_1x +--+ax+ag

. (na)"a*
x>0 ayn!
= o0

Thus a* grows more quickly than

n—1

a,x" +a, 1x"7 4 +a;x+agas x — oo

1

. Inx .
lim = lim X
X—>00 xl/n X—>o0 lx(l/n)—l
n
= lim
Yoo xl/n
=0

Thus In x grows more slowly than X" as

x — oo for any positive integer n.

1
= lim =0
x—e0 gx?

==

= lim
X—o° gx

lim 0%

X—>o0 xa a=

Thus In x grows more slowly than x% as
x — oo for any number a > 0.

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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42. lim =
e g X" +a, X"+ +ax+ag
1
= lim =
n—1 n—2
x=epag, x” " +(n—Da,_x +
. 1
= lim —
x> pg x" +(n—=1)a,_ X" +-+ax
=0

Thus In x grows more slowly than any
nonconstant polynomial as x — oco.

3/2

43. Compare nlog,n to n™~ asn — oo,

nlog, n log, n

lim 3

= lim
oo 32

n—e pn

Inn
= lim 122
n—es p1/2

1

n—ee ol

noe 2(In2)
=0
Thus nlog, n grows more slowly than n¥?
asn — oo,
Compare nlog, n to n(log, n)?.
im 0827 L
n— n(log, n)> n—elogyn

Thus nlog, n grows more slowly than

n(log, n)2 as n — oo,
The algorithm of order of nlog, n is likely

the most efficient because of the three
functions, it grows the most slowly as n — oo.

44. (a) It might take 1,000,000 searches if it is the
last item in the search.

(b) log, 1,000,000 =19.9; it might take
20 binary searches.

45. (a) The limit will be the ratio of the leading
coefficients of the polynomials since the
polynomials must have the same degree.

(b) By the same reason as in (a), the limit will
be the ratio of the leading coefficients of
the polynomial.

1
46. True; because lim nos 1 =0.

oo 32

47.

48.

49.

50.

51.

52.

53.

Section 9.3 513

False; they grow at the same rate.
6 !
E: lim — 1 jim 9
X—>o0 x5 +x2 +1 x> 5!
. xlnx . xlnx .
E; lim = lim = lim xInl13 =
X—>o0 10g13 X  x—oo 1:111)(3 X—>o0
x+2
C; lim &—=¢2
X—>o0 ex
[ 8 4 8, 4
+
D; lim Y o fim [
X—>oo x4 X—oo x8
= lim /1 +L4
X—>oo X
=1
5
(@) lim 2 = lim x> =0
X—>o0 x X—>o0
x grows more quickly than x2.
3
b) lim 2= = fim 2 =2
X—00 Dy x—>2 2
5x> and 2x° have the same rate of
growth.
xm
(¢) m>nsince lim =—= lim x™ " =co,
x—o0 "t x—eo
xm
(d) m=nsince lim =—= lim x""" is
x—00 X x>0
nonzero and finite.
(e) Degree of g > degree of fim > n) since
lim £% _ o
s f ()
(f) Degree of g = degree of f(m = n) since
lim g0 is nonzero and finite.
X—>o0 f(x
X —
(@) lim O 0 700 _

2o [g(X)] oo —g(xX) x> g()
Thus | f | grows more quickly than |g| as

X — oo by definition.
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lim M: lim -f(x) _ lim f(x) _7

(b) =
00 [g(x)] o0 —g(X)  x—ee g(X)

Thus | f | grows at the same rate as |g| as

X — oo by definition.

54 @) lim L9 im L9,
x—00 g(—X)  x—e0 g(X)
Thus f{—x) grows faster than g(—x) by
definition.

(b) lim M: lim M:L
x—00 g(—X) x>0 g(X)

Thus f(—x) grows at the same rate as g(—x)
by definition.

Section 9.4 Improper Integrals (pp. 463—473)

L ld
Exploration 1 Investigating J‘O—i
X

1 e .
1. Because 3 has an infinite discontinuity at
X
x=0.

1 1
2. ﬂ: lim ﬂ
X =07 C¢ X
= lim [Inx].
c—0*
= lim (-=Inc)
c—0*

= o0

1 1
3. If p>1, then J.Oﬂp: lim d—;
X =07 ¢ x

1
x—p+1

= lim
c—0* _P"f‘l c

1_C—p+1
= lim|—
=0t —p+1

= oo

because (—p + 1) < 0.

4. If 0< p <1, then

" im fl x
X xP 0t xP
= lim |
>0t —p+l c
=0t —p+1
1
_E

because —p+1>0.

Exploration 2 Gabriel’s Horn

1. The integral in Example 2, J.:oﬂ, represents
X

the area of R. Since the integral diverges,
region R has infinite area.

2
2. The volumeis V = jl“’ 2ﬂ(lj dx
X
= lim jcznx‘zdx
c—o0”1
= lim 27[—x"'[¢
c—oo
. 1
= lim 271'[——+1}
Cc—o0 C
=2r.

3. The area of the shadow would be twice the
area of region R. Since R has infinite area, so
does the shadow.

4. The integral for the volume converges, so the
volume is finite. An integral representing the
area of the shadow would diverge, so its area
is infinite.

Quick Review 9.4
3 d 3
I xj_“3 =[1n|x+3”0 ~In6-In3=1In2

1
1
I | dnfe |
-1 2 i

x+1
:lln 2—lln 2
2 2
=0
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el

Id—j=jx_4 dx=—lx_3+C
X 3

5. 9-x?>0for-3<x<3

The domain is (-3, 3).

6. x—1>0forx>1
The domain is (1, o).

7. —13cosx£1,so|cosx| <1.

cosx| |cosx| <i
2 |x ll 2
8. -1 szsoxlxz—IS\/xz =x for x >1
1 Zl
x2—1 X
9 lim f) _ 4¢* -5
xoeo g(X) x> 3e 47
. 4e”
= lim
X—>oo Sex
= lim —
X—e0
_4
3

Thus f'and g grow at the same rate as x — oo.

2x-1
10 fim L _ i 325
X—>00 g(x) x—o A/x+3
. 2x—1
lim

x—oo\| X+3

Il
é.

Section 9.4 Exercises

J.bidx

o 2x
1. (a ———dx = lim
® ‘[0 x2+1 b0 x2 41
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°
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(b) lim dx = lim (In(x? +1)) = oo
b—oee®V x2 4] b—eo
diverges
e dx . b odx
@ [ 5= Jim [ 5
; 3 2/3) b
b hm —_— 1 —X =
( ) b—oo 1/3 bﬁw(z 1
diverges
oo 2x
@ [~ "
I C )]
b
= lim 22 ~ dx+ lim —Zx dx
bometh (24?0 (o 41y
. 2x .
(b) Ilim dx+ lim dx = lim
b—ootb (2 4 1)2 a0 (42 112 b—>—co
=0
converges
b dx
a lim | —
() J.l \/7 b—)oo‘[l\/;
. b dx . b
diverges
b
odx . . -1 1
J‘ _4= hm — = l1m —3 = —
Pt ool )% b3y )|, 3
b
< 2dx . b2dx . -2
_[ ——=Ilim| —=1lim|—| =1
1 x3 b_)oo 1 X b—)oo 2x2 1
b
I = lim I = hm[ (x)2/3j =
x b—reo b—oo\ 2 |
diverges
b
= dx : 3/4
1 X =
L 4.X' b%oo'l.l .X' b_»o[3( ) 1
diverges
-1d -1d. 1 -1
=t [ = i () =
—o y b—s—cov b x bh—s—co X b

b

0
+lim[2_1J
b—oo
b - x+10

=
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0 dx . J~0 dx

10. 3= lim 3
= (x=2y  bo—=b (x-2)

0
- tim (_1]
el 2(x-2)>

1 -2
= lim (ln—j
b——co X+ b
-1
= lim | In —In|—
b—>—oco b+1
In3

b
=3In2
dx
B Il % +5x+6

b 1
B ——
b~ x? +5x+6
b
=1imj { 1 }dx
b=l x+2 x+3
— lim (m “2]
b—o0 x+3

. b+2 1
= lim | In —In| —
b—soo b+3 2

=In2

Section 9.4 517

b=l | x2 _4x+3

0
= lim { ! —L}dx

b—s—o"b| x=3 x-1
3 0
= lim [m a j
b—r—oo x—1 b
= lim | In3-m[2=3
b—r—oco b-1
=1In3
15. J‘ 5x+6 d - lim 5x+6
212 b—>°° x? +2x
= lim +
b—>c0 Lc x+2}

= lim (ln‘x (x+2) D
b—>eo 1

= oo

diverges

x2—2x bo—e"2| 5% _2x
b
= lim I ! —l}dx
b——o2| x=2 x

17. Lm xe 2 dx

. b _
= lim [ xe > dx
b—yeo
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0 0
18. x?e*dx= lim x% e¥dx

— b——eo
0

= lim ((x2 _2x42)e )

b——oo b
2 —

o [PPm26t2
e o2b

=2

(oo} b
19. L xInxdx = lim xInxdx

b—>c0
b
2 2
= lim | ~mm2-X-
b—eo| 2 4 :

diverges

) —x Yy b —
20. jo (x+1)e dx_blgijo (x+1)e * dx

b
= lim ((—x— 2)e"‘)
b—>e0 0
= lim [_b_z —(—2)]
b—oo eb
=2

21. e ax= 1im jb e“dx+ lim [ e *dx

- b——co b—oo0
0 b
= lim (%) + lim (=)
b——oo b b—oo 0
= 1+[~(-D)]
=2

22. * 2xe—x2 dx

—oo

) 0 2 ) b 2
= lim 2xe dx+ lim 2xe "~ dx

b——co b—>eo
0 b
2 2
= lim (—e_x ) + lim (—e_x )
b——oco p b 0
=1+(-1
=0.

oo dx
23. _
—oco ex+e—x
. 0 dx . b dx
= lim ——+ lim _—
b——co b ex Jr-e_x b—oo 0 ex +e_x
0 b
lim (tan‘1 (e")) + lim (tan_l (e"))
b——co b b—oee 0

= [tan_1 1-tan”! 0]+ [ lim tan~' ¢ —tan”! 1}
b—oo

24, j_ e dx = lim jb e dx+ lim jo e dx

b——oo b—eo
2x 0 2x b
. e . e
= lim | — || + lim
b——oo| 2 b—eo| 2
b 0
= o0

diverges

25. (a) The integral has an infinite discontinuity
at the interior point x = 1.

2 dx
(b) 0 5
1-x
. b . 2 d
= lim I al + lim _‘- al
bos17?0 1y ps1tIb 1 x2
1. 11 b 1. |1 :
= tim | =In|—X | + lim | =In|—2X
b1\ 2 |1-x 1"\ 2 [1-x
0 b
diverges

26. (a) The integral has an infinite discontinuity
at the endpoint x = 1.

1 dx b dx
(b) = lim [ ———
IO \ll—xz sl IO 1-x?
b
= lim (sin”" (%))
b—1" 0
_z
2

27. (a) The integral has an infinite discontinuity
at the endpoint x = 0.
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= lim

by [ A [ i
VX +2x b—0* b \1x2+2x
= lim («/x2+2le

b—0* b

_

28. (a) The integral has an infinite discontinuity
at the endpoint x = 0.

)C
lim

4 4 _\/;
(b) I e\/— b%()*".‘befdx

29. (a) The integral has an infinite discontinuity
at the endpoint x = 0.

1 1
(b) joxln (x)dx = bli)n3+ jb xIn(x)dx

1

2 2
= lim | Znx-2
p—0t| 2 4 Y

30. (a) The integral has an infinite discontinuity
at the interior point x = 0.

4 dx
® [ Nl
4 dx
= lim + lim | —
b—)O"[ o b—>o+ b x
= lim (—2\/;) + lim (2\/_)‘
b—0~ 1 b—>0"
=(0-(-2)+4-0)=6
31. 0< SL on [1, =), converges because
1+e* ¢*

e 1
I —dx converges.
1 x

33.

34.

36.

Section 9.4 519

! < L on [1, o), converges because

0<
©H+l X

e 1
L —3dx converges.

by
1 _2+4cosx .

0<—-< on [, o), diverges because
X X

J‘mldx diverges.
T X

o dx

=2
O\/x4+1

21 dx o[ dx
e e

First integral is a proper integral. Second

o dx
J‘_m\/)czt-i-l

integral converges because 0 < < 1
4 2
x +1
n [1, o) and I —- dx converges.
In2 , In2 _ )
J.n y_zel/) dy = lim In y 2 My dy
0 b—0* b
In2
= lim (=¢"?)
b—0" b
diverges
4 d . b d
Y im I _a
0 J4—r bo4a 0

4—r

b
- 24,
=4
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r’—ds = lim jl—ds + lim jb—ds
O (1+5)Vs =07 P(A+5)\s bl (1+5)s
b

= lim (2tan_1f) + lim (2tan lf)

b—0" p b
=2tan"'1— lim (2tan_1\/2)+ lim (2tan_lx/5)—2tan_ll
b—0" b—>oo
=2 _0+n-Z
2 2
=

38 jz—d” = lim jz—d"
! u«luz—l 10 u«lu2—1
2
= lim (tan_1 uz—lj
b—1* b
_r
3
-1 -1
oo b
39, J- 16ta1n2 vdv: limj. 16tam2 Vdv
0 14y b0 14y
b

= lim (8(tan"' 1)?)
b—>o0 0

=272

40. ee dé = lim j 0¢° de

b——co
b
= lim ((@- l)e )
bh——cc
=-1
41. 2 di —hmJ' +1 zi
01—t por- b1t 1t
b 2
=1 —In|l— li —In|l—
Jim (=tnft=d)} + fim, (=tnft =]}
= o0+ o0

diverges

1 . 1
42. [ In(|jw])dw= 2 lim, [,n(wdw

=2 lim [wlnw—w],
b—0"

=2 hm[ 1+b(1-1Inb)]
b—0"

=22
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43.

44.

45.

For x >0, y>00n[1 ),
Area—J‘ —dx—l J- lnx

b—o0

Integrate I—zdx by parts.
X

u=Inx dv=d—)2c
X
1 1
du =—dx y=——
X X
Inx Inx dx Inx 1
o (=22 i
2 x 2 X X

X X 1
b—>00 b
=1

[Note that lim ﬁ

Il

—

=

8
S
Il

I

N—

Forx=0,y=0o0n[l, ).

Area = —d—l flnx
1

b—oo
Integrate J‘de by letting # = In x, so
X

duzﬂ.

Im—xdx Iudu =lu2 +C =l(ln)c)2 +C
2 2

b
Area = lim P(ln x)z} = lim % (Inb)? = oo

b—o0 1 b—oo

(a) Since fis even, fl—x) = fix). Let u =—x,
du =—dx.

[~ r@adx

0 -
:J‘_wf(x)dx-kj.o f(x)dx
- L(Z flm=Ddu+ [ f(xdx
= [ fandu+ [ foax
- 2j: f(x)dx

(b)

46. (a)

(b)

(V]

(d)

Section 9.4 521

Since fis odd, fl—x) =—f(x). Letu=—x,
then du = — dx.
j_”; f(x)dx
0 oo
= I_mf(x) dx+j0 f(x)dx

- L‘z fl=Ddu+ [ f(x)dx
=I2—f(u)(—l)du+j(:of(x)dx
=I::f(u)du+J.:f(x)dx

= —j; F(uw)du+ j;’ f(x)dx
= L+L
=0

J-(:o 2;cdx — lim J-(f 2xdx

x“+1 b—oee
= lim [In(x> + D]}
b—>c0

X% +1

= lim In(b> +1)
b—>c0

Thus the integral diverges.

0
Both J~ 2xdx and I 2xdx must
241 x> +1
converge in order for on 2xdx to
—00 2
x“+1
converge.
b

lim J- 2xdx
b—eod b 32 1]
= lim [In(x* +1)]°,

b—o0
= lim [In (5> +1)=In (b% +1)]

b—o0
= lim 0

b—>c0
=0.
Note that is an odd function so

x"+1
Ib 2xdx _
b 241

Although the limit in part (c) is correct,

this is not a valid way to evaluate the
indefinite integral. In order for the integral
to converge, there must be finite areas in
both directions (toward < and toward
—o0). In this case, there are infinite areas in
both directions.
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47. By symmetry, find the perimeter of one side,

say for0<x<1,y=0.

Y3 =1- 423
y=(1—x3)¥2
LU P TN T [_gx—mj S TP TN
dx 2 3
2
[ dy ] L P e T B
dx

2
1+(j—yj =\/x_2/3 zx_l/3
x

1 1
I x_1/3 dx= lim .[ x_l/3 dx
0 b—0"

= lim [E_ib%}
2 2

Thus, the perimeter is 4 [%) =6.

48. False; see Theorem 6.

49. True; see Theorem 6.

b—>wI

b—>oo(

=100

50. C;

J

51. B: jlﬂ= lim_|[ LA i (2{)

Ox0.5 b—0O" b 05 b—0O"
1 dx b dx
52. E; | —=1lim | —
O0x—1 p1770 x-1

b

= lim (In(|x-1]))
b—1"

0

= —oo

b
53. cj == lim | fx
X241 b0 x2 4
b
= lim (tan_1 X)
b—o0 0
_T
2
o dx . b dx
4. @ L 05 —blEf‘ 1,05
= lim (2\/_)
b—>e0
or it diverges.
b
b —= ——hm lnx o,
® {75 = im 7= im (1) -
or it diverges.
b d 2 ¢
x _

(¥ —=lim|— | =2
(c) I s b_W,L s b_>°°£\/;j1
b

(@) dx _ limJ. dx
LxP boeo”l xP
b
. 1 1
=lim | —
b—yoo l—p xl_p 1
. 1 1 1 1
= lim -
boe\1=p pl=P 1-pql=p

(e _[ ,p>1 (sop—1>0)
. 1 1 1
= lim . -
b—e\1-p pP~! 1-p
o,
1- 1-p
1
p-1

r’ﬂ,pd (so p—1<0)
1P

. 1 1 1
= lim . -
boeo\1=p pP~1 1-p

= lim L.bl—P __b
b\ 1—p l-p

= o0
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(f) The integral converges for p > 1 and
diverges for p < 1.

55. (a) A(x)z%ezx

In2 In2
® V=[""Awdx=[" %e“ dx

—oo

In2
¢ V= _n %ezxdx

. In2 17
= lim I Z 2 dx
b——o0o’b 4

1 e—x2/2

56. (a) f(x)=

g

[-3, 3] by [0, 0.5]
f1s increasing on (—eo, 0], fis decreasing
on [0, ). fhas a local maximum at

1
0,f(0)=|0, —
(0, £(0) ( m]

| )
(b) NINT( e x,—1,1|=0.683
N2
L ¥
NINT( e ', x, =2,2=0.954
N2 j

1

NGY

(c) Part (b) suggests that as b increases, the
integral approaches 1. We can make

NINT( 2 3 3] ~0.997

b
I_b f(x)dx as close to 1 as we want by
choosing b > 1 large enough. Also we can
oo -b
make I_b f(x)dx and j f(x)dx as

small as we want by choosing b large
enough. This is because

0< f(x)< e 2 for x >1.(Likewise,

Section 9.4 523
0< f(x)< e*/? for x<—1). Thus, for b> 1,

J‘: f(x)dx< J:o 2 ax.

oo _ . c _
I e dx = hmJ- e 2 dx
b c—00?b

—x/2]

= lim [-2¢7/2)¢

C—o0

= lim [2¢7% +2¢77/%]
c—oo
— b2
As b — oo, 2702 0, so for large
enough b, I: f(x)dx is as small as we
want. Likewise, for large enough b,

-b
I_ f(x)dx is as small as we want.

2
57. (a) Forx>6, x>*>6x,50 ¢ ¥ < e 0%,
oo 2 oo
I e X dx < I e_6x dx
6 6

. b _
= lim [ ¢ ax
b—>eo

1 b
= lim {——e‘ﬂ

. 1 _ 1 _
= lim [——e L 36)

b—oo\ 6 6
_1 -3

6
<4x107V

(b) Lw e dx = L6 e d+ J: e dx

6
<! e dx+4x107V7

Thus, from part (a) we have shown that

the error is bounded by 4x 1077

oo 2 2
(©) jl e dx=NINT( ™, x, 1.6)

= (0.1394027926
(This agrees with Figure 8.16.)

(d) L;o e_x2 dx = I()3 ex2 dx+'|‘3°° ex2 dx
< I()3 e_x2 dx+ I: e dx

since x% > 3x forx>3.
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oo _ . b _
I e3xdx:11m_|‘e3xdx
3 b—>00?3

1 b
= lim {——e‘ﬂ

= lim (—le_% +le_9j
b—eo\ 3 3

= %e_g =0.000041< 0.000042

58. Suppose 0 < f(x) < g(x) for all x = a.

59.

From the properties of integrals, for any b > a,

[Lro<] gax

If the improper integral of g converges, then
taking the limit in the above inequality as

b — oo shows that the improper integral of fis
bounded above by the improper integral of g.
Therefore, the improper integral of f must be
finite and it converges. If the improper integral
of fdiverges, it must grow to infinity. So
taking the limit in the above inequality as

b — oo shows that the improper integral of g
must also diverge.

(a) Forn=0:
o _ . b _
I e “dyx=1im | e dx
0 b—>eo
= lim [
b—o0
= lim [—e? +1]
b—o0
=1
Forn=1:
u=x dv=e"dx
du = dx v=—e*
o _ . b _
I xe “dx=1lim | xe *dx
0 b—>oo
b
= lim [ [~xe ¥+ [ e dx)
b—)oo( 0 '[0

b _
e “dx

(b)

(0

60. (a)

Forn=2;
u=x* dv=e “dx
du =2xdx v=—e*
Jm x% e dx
0
T 2 —x
=lim | x“e " dx
b—reo
b
= lim [ [-x%e 12+ [ 2xe™* dxj
b—)oo( 0 J. 0
2
b
= lim | — b— +2 lim | xe ¥*dx
b—oo eb b—300”0
. 2b
= lim (— 22
b—oo eb
—lim [ - 22|42
b—oo eb
=2
Evaluate I x" e™* dx using integration by
parts
u=x" dv=e"dx
du =nx""! v=—e*

jx" e “dyr=—x"e" +.[nx"_1 e *dx
f(n+1)
= ro x"e™F dx

0

= lim [—xne_x]g +I "l e dx
b—oo0 0

= lim —ﬁ —sz.mxn_1 e ¥ dx
b 0

b—oo e

=nf(n)
(Note: apply L’Hopital’s Rule n times to

b}’l
show that lim | —— |=0.
b—>oo eb

Since f(n+1) =nf(n),
fm+1) =n(n-1)--- f(1) = n!;thus

Io x" e dx converges for all integers

n=0.

On a grapher, plot NINT (sm a ,x, 0, xj
X

or create a table of values. For large
values of x, f(x) appears to approach
approximately 1.57.
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(b) The integral is an infinite sum of finite areas that alternate in sign, decrease in absolute value, and tend
to a limit of zero. The partial sums must therefore close in on some limit. (Figure 10.18 in Section 10.5
shows a diagram of what this convergence looks like.)

1 dx . 1 dx
o1 @ J._°°1+x2 _b1—1>n—l°° bl+x?
= lim [tan~" x]}
b——co
= lim (tan_ll—tan_lb)
b——co
_z, m_ 3
4 2 4
o dx . b dx
L = lim J- 3

1+x2  xoee’l 1+1x .,
= lim [tan™ x];
b—>eo

= lim [tan~' 5 — tan"! 1]

c 0 c
® [ f@de=]" foodet] f(dx
oo 0 )
L f(x)dx =L f(x)dx+jo f(x)dx
c oo 0 c 0 oo
Thus, f_mf(x)dx+jc f(x)dx:J-_mf(x)dx + jO f(x)dx + L f(x)dx + jo f(x)dx
= [0 rdr [ fd
because j;f(x)dx+jff(x)dx = [ fdv=[¢ Fdx=0.
Quick Quiz Section 9.3 and 9.4

3 2
L E fim & i O3 g %62
X—>oo x2 X—oo  2X x—eo 2

. e d 1
2. C;smcej o for p>1 andp+1>1when p>0.
L .p p—1

1
3. B; dxl
Oxp+

=C when p<O0.

e 21n (x)

dx
1 x2

4. (a)

b
(®) lim | ZII;de

b—oo 1 X
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2.

Chapter 9 Review
2

(¢) Note that I dx can be found by

In
2

parts. Let u=2Inx and dv=x"2 dx.

Then Izlnxdx
2
X
=21nx(—x_1)—f(—x_l)2x_1dx 6.
=_21nx+ idx
X x2
__21nx —%+C
X X
b
Area=1i I 21nxdx
el 2 7.

1325 5
2’5 377
40 40+1 41
=(-1 _ =
40 =D 3T 5
3.-6,-12,-24
a0 =-3(2%) 9.
! 3
a) Lo(-)=2>
(a) > =D >
3) 25
3 3n-5
0 a =—l+(n-D>=
© ay (n=h3="3 11.

-2
(a) —==-4
2

(b) %(—4)6 =2048

a, = (_Dn—l [%j 4n—1

- (_l)n—l (2211—3)

(V]

X 5.

[0, 20] by [-2, 4]

[0, 20] by [-2, 2]

3n% -1
2

a, = lim
n—oo 2n

. bn

= lim —
n—e 4n

+1

= lim g
n—oo

3.
= > it converges.

The sequence diverges, since

. -1
lim (-1)" n=l_ 3 for n even, and
n—yoo n+
lim (<1 22=1 = 23 for 1 odd.
n—oco n+2

t—In (14 2f) 1--2-

lim =lim —*2 = for
1—0 2 t—0 2t

t =0 and —oeofor t > 0F
The limit does not exist.

tan3t

3sec?3t 3
mm =
t—0 tan 5¢

lim 3 -
1=05sec”5¢

. xsinx . Xcosx+sinx
lim ——=lim ——
x—0 1—cosx x—0 sin x
. —Xxsinx+cosx+cosx
= lim
x—0 CoS X
=2
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12. The limit leads to the indeterminate form1~. . 1 I ) .. |[Inx—x+1
17. lim|— - — |=lim| ———
£ (x) =109 x=lx=1 Inx) x-1 (x=DInx
Inx 19
lnf(x):l —lim —%
—-X x—1 XT_I + ln X
1
.1 X _
lim —% = fim =~ =1 Clim T
-l 1-x  x-1 -1 x—l x=1+xInx
lim 1079 — Jim M/ — 1 1 ~ lim ——
x—l x—l e x—l 2+Inx
1
13. The limit leads to the indeterminate form o°. T2
f=x"%
In x 18. The limit leads to the indeterminate form .
Inf(x)=— X
X 1
| 1 fx)=|1+ =
lim —= = lim £=0 |
X X xoe | | 1n[[1 + ;]]
lim &% = lim /9 =0 =1 lnf(x):xln[lhj:f
X—>00 X—>00 * x
1
2
14. The limit leads to the indeterminate form 17. xl
. In [l + l} 14— N
F=[143 lim ———*= lim —*= lim ——=0
= N x—=0" % x—=0" —% x—0" x+1
X
3 X
3)_In(1+3) lim [1+1j = lim ™/ =0 =1
lnf(x)—xln(lJr;j—f 0t N 0t
X
-3
2 19. The limit leads to the indeterminate form 0.
m(i+3) e f©)=(ano)”
. . . X In (t
fim s fim = fim =3 In (@) =0lnang)= 2
x o
3\ 2
lim |1+ | = lim ™/ =¢3 _In(tang) . =f
X —>oo X X—>o0 Iim ———=1
x—0t 1/6 x—0" —ﬁ
2
15. 1im 22" =0 since |cos r| <landInr— o = lim — 0
r—eo Inr x—0" sin@cos@
as r —> oo, . 26
= lim —
gz x—0" —sin“ @+cos” 6
16. lim (0—2}6092 lim 2 =0
0—r/2 2 0—n/2 cosl lim (tan 9)9 = lim ™/ @ =0 =1
— lim 1 x—0" x—0"
0—n/2—sin @ _
=-1 20. 1im 6% sin| L | = lim 507 = gim S _ o
6—>c0 1—0" 12 10t 2t
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x3—3x2+1 . 3x2—6x
—_ = llm —

21. lim
X—>oo 2x2+x_3 x—oo 4dx+1
. 6x—6
= lim
xX—yoo
3x% —x+1 6x—1
22. lim = lim

SOy > =1

23. lim

X—>o0 g(x) x—><>o§ 5
f grows at the same rate as g.

24, 1im LX) = iy 1082%
x—00 g(X) x> logz x

f grows at the same rate as g.

25. lim £~ i 2

x—00 g(X)  x—eo x4l

f grows at the same rate as g.

26. lim 2% _ fjm 100 _

x—00 g(X)  x—e0 xe ¥ x—e100

f grows faster than g.

()

27. lim —== lim X e since

x—e0 g(X)  x—eotan~lx

. — T .
lim tan ' x=2= and lim x=oo

X—>00 2 X—>00
f grows faster than g.

= lim
x—e =L
X
. X
= lim
X—o0 2 -1
2
. X
= lim
X—>oo 2 -1
. 1
= lim 1
x—o0q| 1 ——
X2
=1
rows at the same rate as g.
g 8
In x
. X . X
29. lim S ): lim
x—00 g(X) x>0 xlogzx
- lim xlnx—logzx
X—yo0
- lim xlnx—(lnx)/an
X—>o0
= lim x(lnx)(1—1/1n2)
X—yoo0
1 (Inx)(1/In2-1)
= lim | —
X—00\ X
=0

Note that 1—L< Osinceln2< 1.
In2

f grows slower than g.

—X
tim L9 = fim 3
x—00 g(X) x>0 DX
X
= lim —
x—o0 3¥

2 X
= lim (—j
x—eo\ 3

=( since g<1.
3

30.

f grows slower than g.
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. f(x) T In2x ) ) sinx_l
31 lim e ) —xlg};l 3 35. (a) lim f(x)= lim
nx x—0 =0 ¥ 1
_ |jm \nX+In2 _ (In2)(cos x)25*
x—eo  2Inx =lim ————FF——
1 x—0 ex
= lim * =In2
x—e0 2
1 * (b) Define f(0) =1n 2.
2 36. (a) lim f(x)= lim xInx
f grows at the same rate as g. x—0* x—0*
= lim 10X
3 tim SO i 10x° +2x° w0t 1
) x—=00 g(X) x>0 e 1
2 = lim —=
i 20X 4 0t _(L)
X—oo €x x2
. 60x+4 = lim+ (=x)
= lim —— x—=0
X—>e0 €x =
)
R (b) Define f{0) = 0.
=0
f grows slower than g. 37 (7 dx _ lim b dx _ lim =2 ‘b _»
L 312 b_mL B2 poel 3
-1(1
tan |-
33 tim L9 = fim () - dx
x>0 g(X)  x—oee L 38. f _
lx 2 U ¥ +7x+12
12 (=x) . b dx
0 T g -
= lim —% bl 32 4 7x+12
xoeo oy b odx b odx
1 = lim I —.[
= lim b—oo| "1 (x+3) 1 (x+4)
oo 2 b
() | o4
-1 = lim | —In | 3|
= b—> oo X+
f grows at the same rate as g. 5 1
11 =1nZ
sin” (-
34, lim fgx; = lim 1(")
—oo g(x oo L - -1
X & x 2 39, 3dx2 ~ lim J~ 3dx2
1 (_x—z) 2 3x—x? bo—=b 3x_x
12 3 !
-(3) = lim [—m['x_ |B
= lim
oo o3 b——oo |x| ,
_ lim X =-2In(2)
X—yo0 2
24/1-(L 3 3
(3) 40. | % _ lim I dx
=o0 9_x2 b—3 9_x2
f grows faster than g. b
= lim (sin_1 —j
b—3 0
T
2
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1 1 -
ar. [ In(xde= lim j In (x) dx 4. | dx
0 0 X 4 o™
= lim (xInx— x)|b . 0 dx . b dx
= lim + lim
=11T0 b=l ¥ ™% btV pX o7
J p J = lim (tan"'e®)| + lim (tan~' (e
1 y . b y . 1 dy b——co
2. .[—1 23 _blgré_.[_l 273 +blfé+.[b 2 Tz
b 1 2
= lim {_—2] + lim (;2}
b0~ \/; o o0 \/; b 48. Jm ddx
= X +16
0 b
= lim | ddx + lim | ddx
43 I‘)d_e bos—eo b 32 416 b—eo"0 32 116
_2(9+1)3/5 T 0 T b
= lim |tan | — + lim |tan | —
= lim lim Od—g b—s—oo [4) b —> oo £4j
o35t b 3/5 b 0
b—-1 @+1) b—-1 @+ -
2\ 2\°
= lim | 24D |+ lim | 2(x4D)S 49. j <z, dz=[" 22 Iz, de+|” Inz .
b1 bo-1"| 2
-2 b ¢ lnz
= >L dz+.[ —dz

=oo [See Example 21in
1. J.: 2dx _ J-b 2dx Section 9.4.]

So Jm ln—zdz diverges.
Iz

3 e ! o
= <| Z—dt< —t
=1In3 50. O_L \/;dt_L e dt
< 2 —x p b o _x Co g = 1 b
45. I x“e*dx= lim | x“e “dx _[ e dt=1im | e dt
0 b—o0”0 1 b—oovl
= lim ((=x*=2x —=2)e™* = hm (-e )‘
b—oo b—
=2 =—0+e

-1
=e
0 0
46. I_ xe¥dx = lim fb xe>*dx

b——co dt converges

: rF

9 )¢ , 3\ |
1 51. (a) |2 =—
=—— (a) 3 2
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52.

53.

54.

n—1
1
© a,= —6[5j

a, =-3(2*"")

5.5-11.5
(a) [Tj =-15

11.5-(-1.5) =13

(b) 1.5

© a,=13+(n-1)(-15)
a, =-15n+14.5

(@) j:e‘z"“dx

= lim 2"dx+hmj 2% dx
b——oo b—3000

(b) lim 2xdx+11m j ~2X gy

bh—>—oco b—oo

Forx=>0,y>0o0on (0, 1].
1
Volume = jon(—ln x)2 dx

=7r‘|‘l(lnx)2 dx

=7 lim j (lnx) dx
b—0"

Evaluate f(ln x) dx by integration by parts.

u=(In x)2 dv=dx
du=de V=X
X

j(ln x)? dx = x(In x)* —jzlnxdx

Evaluate IZ In x dx using integration by parts.

u=2lnx dv =dx

u=2lnx duzgdxv:x

X

jzlnxdxz 2x1nx—jzdx= 2xInx—2x+C

Chapter 9 Review 531

I(ln )c)2 dx = x(ln)c)2 —2xInx+2x+C

Area =7 lim [x(In x) —2xInx+ 2x]b

b—0"
=7 lim [2—b(Inb)*> +2b1nb—2b]
b—0"
2
— 27— lim FU0D” o iy FINP
+ 1 + 1
b—0 b b—0 b
2 (Inb)(L z
=27— lim —(”)+2 lim —2—
b—0" - b—0*t iy
b b
—or— 1im 221D o him by
b0" — b—0"
22
=27— lim 2 — lim 27b
b0 L b0t
b
=2

55.Forx 20,y 2 0 on [0, ).

° —x : b _x
Area = I xe " dx = lim xe "~ dx
0 b—oo

Evaluate.[xe_x dx by using integration by

parts.

u=x dv=e Ydx
du=dx v=—e~
Ixe_x dx=—xe " +Ie_x dx

=—xe T—e " +C
Area = lim [-xe ¥ —e™* ]3
b—>c0
= lim [~be " =7 +1]
b—o0
——lim 21
b—o0 e

.1
=—lim —+1
b—>°°€

=1

56. (a) L:oxe_x/ 2 dx

b
b) lim [ xe ™2 dx
(b) HJO
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(¢) Note that I xe % dx  can be found by
parts:
[xe™2 dx = x(-2¢72) - [ (-2¢72) dx
=—2xe 2 —4e72 1.

. b _
Area = lim j xe 2 dx
b—o0’0

= lim [-2xe % = 40721}
b—o

= lim (—2be 2 —4e7b2 0+ 4)

b—oo

=4.

© o, e dy
57. (a) I() X dy—ﬂ'L) —(y+1)2

b
() lim 7 Lz
boe "0 (y41)

b
(©) Volume = lim 7 [ —% -
b 0 (y+D)

= lim zZ[-(y+)71}
b—>co

= lim 7 —L+1
b—>oo b+1

=

58. Note that .[xe_x dx can be found by parts:
I xe X dx=x(—e*)— J- (—e )dx

=—xe Y- +C
So

o _ . k _
I xe “dx= lim | xe *dx
0 k—>o0

= lim [-xe ¥ —e_x]lé
k—oo

—im [-K Ly
k—>c0 ek ek

By L’Hopital’s rule,

The integral converges to 1.
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